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Pattern formation and instability of smectic-A filaments grown from an isotropic phase
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Pattern formation and instability of smectic-A filaments grown from an isotropic phase have been investi-
gated. The evolution and shape equations for the filaments are derived by a variation of the free energy of the
filaments. It is shown from the evolution equation that the length of the filament increases exponentially with
time under a cooling process. It is also shown from the shape equation that the existence of the threshold length
of the straight filaments for buckling and the global properties of the filaments can be predicted. The theoretical
results are demonstrated experimentally in the binary mixture of octyloxycyanobiphenyl with dodecyl alcohol.
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PACS number~s!: 61.30.Cz, 02.40.Hw, 46.30.2i, 82.65.2i
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Smectic-A liquid crystals~Sm-A LC’s! appear in a variety
of shapes on cooling the high temperature isotropic (I ) liquid
phase@1#. The shapes have a very complex topology, a
exhibit a great deal of thermotemporal evolution. Such s
organizing processes in the Sm-A phase are intriguing, and
therefore have attracted a number of studies@2–8#. The most
interesting example of the processes is the formation of S
A filament structures and their thermotemporal evolut
@2,5,7#. The Sm-A phase first appears in the form of fila
ments in various Sm-A LC’s as theI liquid is cooled below
the I –Sm-A transition temperature@2–5,7,8#. The filaments
grow rapidly in length but not in diameter. During growt
the filaments continuously buckle to take on a serpen
form, and subsequently become extremely convoluted
nearly space filling. The filaments are metastable, and e
tually transform to compact domains@7#.

Most of the general features of the growth of Sm-A nuclei
are much different from those of the solidification of co
densed matter such as snowflakes and ice crystals@9#. Thus
studies of the formation of Sm-A filament structures and
their thermotemporal evolution are very important for und
standing pattern formation and instability in soft matter
complex fluid.

We have developed a theory for equilibrium shapes
Sm-A nuclei grown from theI phase@6,7#. Within the frame-
work of our theory, a filamentary structure is regarded a
Sm-A tube with thickness ofro2r i , wherero andr i are the
outer and inner radii of the tube, respectively. Since the S
A phase exhibits a layer structure in which the average
lecular orientation is parallel to the layer normal, the fi
ments consist of concentric cylindrical Sm-A layers@2,5,6#.
In this paper, we propose dynamical and static theories f
description of the dynamics and shapes of Sm-A filaments
grown from theI phase. The evolution and shape equatio
are derived from a variation of the free energy of the fi
ments under cooling processes, and the growth behavio
the filaments is predicted. The predicted results are comp
with the experimental results in the binary mixture of oc
loxycyanobiphenyl~8OCB! with dodecyl alcohol~DODA!.

The LC material used here was the binary mixture
8OCB and DODA, whose phase diagram was reported
551063-651X/97/55~2!/1655~5!/$10.00
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Pratibha and Madhusudana@5#. In this system, the nemati
phase is suppressed for a molar concentration (.20%) of
DODA, and theI and Sm-A phases coexist in a fairly wide
temperature range~for example, 42–30 °C for 60% o
DODA studied here!. The LC cells of dimensions 10310
mm2 and of thickness 50mm bounded by glass plates we
prepared. The surface of the glass plates was not treated~the
observed growth pattern was not affected by the rubbing
the plates!. The sample temperature was controlled in a h
stage ~Mettler FP82HT! with a processor~Mettler FP90!.
The growth processes and the equilibrium shapes were
served with a polarizing microscope~Nikon! equipped with a
charge-coupled-device video camera~Sony DXC-151A!.
The images were recorded and fed into an image proce
~Shimadzu Nexus600!.

The cells with 40% of 8OCB were cooled from theI
phase at20.1 °C/min, and the cooling was stopped
36.4 °C in the coexisting region for the observation of eq
librium Sm-A shapes. Figure 1 shows the initial stage of t
growth sequence of a Sm-A filament from I phase in the
mixture of 8OCB and DODA at a cooling rate of20.1 °C/
min. As stated above, the filament finally collapses form
compact domains at the LC/glass interfaces@7#. We have
reported that the compact domains have toroidal structu
with a ratio of generating radii of 1/A2;1 @7#, but in rare
cases a circular~toroidal! filament whose ring width is al-
most equal to the diameter of the straight filaments is fou
Figure 2 shows an equilibrium circular Sm-A filament grown
from an I phase observed at 36.4 °C.

A Sm-A filament of lengthl can be described by a tub
with the outer and inner surfaces,

rWo5rW~s!1ro~nWcosn1bWsinn!,

~1!

rW i5rW~s!1r i~nWcosn1bWsinn!,

respectively, where 0<s< l , 0<n<2p, rW is the axial curve
of the filament, andnW (s) andbW (s) are the normal and binor
mal vectors ofrW, respectively@10# ~from the experimental
results in Fig. 1, it is reasonable to assume that the radiro
1655 © 1997 The American Physical Society
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FIG. 1. Growth sequence of a Sm-A filament from theI phase in the mixture of 8OCB and DODA~the molar concentration of 8OCB
is 40%! at a cooling rate of20.1 °C/min.~a!–~c! and ~d! are about 166 and 500mm wide, respectively.
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and r i are constant throughout the filament during t
growth!. As we have shown in Ref.@6#, the net difference in
the energy between Sm-A and I phases is the sum of th
following three terms:~1! the volume free energy change du
to I –Sm-A transitionFV52goV, wherego is the difference
in the Gibbs free energy densities betweenI and Sm-A
phases, andV is the volume of the Sm-A nucleus;~2! the
surface energy of the outer and inner Sm-A–I interfaces
FA5g(Ao1Ai), whereg is the Sm-A–I interfacial tension,

FIG. 2. Circular Sm-A filament grown from theI phase in the
mixture of 8OCB and DODA~the molar concentration of 8OCB i
40%! observed at 36.4 °C. The picture is about 166mm wide.
andAo andAi are the surface areas of the outer and in
surfaces, respectively; and~3! the curvature elastic energ
of the Sm-A filament FC5(k11/2)*(¹W •NW )

2dV1(2k11
1k5)(ro2r i)rKdAi , where NW is the director,K is the
Gaussian curvature defined on the inner surface,
k552k132k222k24 (ki j the Oseen-Frank elastic constan
@11#!. By assuming thatro and r i are small, so that
irok(s)i!1, wherek(s) is the curvature ofrW(s), the energy
for the Sm-A filament grown from theI phase is then repre
sented as a line integration,

F52p~ro
22r i

2!E gods12p~ro1r i !gE ds

1pk11E F lnS ro
r i

D 1 lnS 11A12k2r i
2

11A12k2ro
2D Gds, ~2!

where the term (2k111k5)(ro2r i)rKdAi in FC was omit-
ted because the term is constant according to the Ga
Bonnet theorem@10#. Since the temperature gradient along
long Sm-A filament is expected to exist,go in Eq. ~2! is
dependent ons @12#. On the other hand,g is not dependent
on s, becauseg exhibits no temperature dependence or
weak one@5#.
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The major difference in the growth processes betw
solids and Sm-A filaments is that growth of solids is ob
served at solid-liquid interfaces, while the filaments grow
length but not in diameter. For this reason, the lengths and
axial curverW(s) of a Sm-A filament should be considered a
rW(s,t) during the growth of the filament, and hence the n
mal and binormal vectors should also benW (s,t) andbW (s,t),
respectively. Thus the problem we are interested in her
how to express the evolution equation of the filaments
terms ofrW(s,t).

To do this, we introduce a time-independent parame
u in order to replace the arc lengths with u. Then rW(u,t)
@5rW(s,t)# can be seen as a one-dimensional~1D! ‘‘surface,’’
and thereby we have the first fundamental form of the s
face,ds5Agdu, whereg5rWu•rWu and rWu5]urW. The curva-
ture of rW(u,t) is expressed as k(s)25rWss•rWss
5g22(rWuu•rWuu)2g23(rWuu•rWu), where rWss5]s

2rW and

rWuu5]u
2rW. Since irok(s)i!1 and ir1k(s)i!1, we can re-

write ln@(11A12k2r i
2)/(11A12k2ro

2)# in Eq. ~2! as
(ro

22r i
2)k2/4. Then, Eq.~2! becomes the Helfrich energy i

1D membranes@11#,

F5kcE k~s!2ds1lE ds1E u~s!ds, ~3!

where kc5pk11(ro
22r i

2)/4 is the 1D bending rigidity,
l5pk11ln(ro /ri)12pg(ro1ri) is the 1D tension, and
u52pgo(ro

22r i
2) is the 1D potential.

The Sm-A phase grows from theI phase in a diffusion
field of temperatureT, which satisfies

D¹W 2T5] tT, ~4!

whereD is the thermal diffusion constant~the difference in
D between Sm-A and I phases is neglected@9#!. Sincego
can be related toT via go5DH(Tc2T)/Tcvm @12#, where
DH is the transformation enthalpy,Tc is the I –Sm-A trans-
formation temperature, andvm is the molar volume of Sm-
A LC, we treatu as a potential. The energy conservation
the arc elementds along the Sm-A filament can be expresse
as ] tdF52k* r¹W T•dAW , where dF5(kck

21l1u)ds,
k*5Dcp , cp is the specific heat of the LC, and the surfa
integral is carried out over the surface of the element. Us
the Gauss theorem, r¹W T•dAW 5*¹W 2Tdv
5¹W 2Tp(ro

22r i
2)ds, and Eq.~4!, we have

c̄p] tT52
1

Ag
] t@Ag~kck

21l1u !#, ~5!

where c̄p5p(ro
22r i

2)cp is 1D specific heat of the Sm-A
filament ~i.e., the specific heat per unit length of the fil
ment!. This is the evolution equation that governs the grow
velocity of the filament. In the case of a straight Sm-A fila-
ment@rW5q(t)uaW o, whereaW o is the unit vector of the growth
direction andq(t) corresponds to the growth of the length
the filament# at a spatially uniform constant cooling rateR
(dT/dt52R), we obtainq(t)5q(0)exp(at) from Eq. ~5!,
n

-

is
n

r

r-

t

g

h

where a5 c̄pR/(l1u). The straight filaments can be ob
served in the early stage of the growth as shown in Fig. 1~a!.
Such an exponential behavior was explained in terms o
different model, based on the flow of solidification curre
through the filament surface@2,5#, while our present expla-
nation is based on the flow of heat current. To show
validity of the present theory, we experimentally examin
the temperature dependence ofl of the straight filaments a
several cooling rates~Fig. 3!, because the theory predicts th
d lnl /(2dT) is calculated to bec̄p /(l1u), and hence
d lnl /(2dT) is independent ofR. In Fig. 3, we can see tha
all the lines on the lnl vs T plot are straight, and that th
slopes of these lines are almost the same~independent of
R), yielding the validity of the theoretical predictions.

Growth shapes of Sm-A filaments in 3D cannot be deter
mined by the evolution equation~5! alone. To determine the
shapes, two more equations, which we will show below,
necessary. We consider a slightly distorted curverW8 from
rW, rW85rW1w(u)nW 1c(u)bW , wherew(u) andc(u) are suffi-
ciently small and smooth functions. Using the Frenet form
las @10#

rWss5k~s!nW ,

nW s52k~s!rWs2t~s!bW , ~6!

bW s5t~s!nW ,

where nW s5]snW , bW s5]sbW , and t(s) is the torsion ofrW, we
have derived the change in the free energy due to the dis
tion from Eq.~3! @13#,

dF5E $w@2~u1l!k1kc~2kss1k322t2k!1bnW •¹W T#

1c@kc~22kst2kts!1bbW •¹W T#%ds, ~7!

FIG. 3. Length of Sm-A filaments grown from theI phase as a
function of temperature at several cooling rates in the mixture
8OCB and DODA~the molar concentration of 8OCB is 40%!.
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where b52u/(Tc2T)5p(ro
22r i

2)DH/Tcvm , ks5]sk,
kss5]s

2k, andts5]st. The equilibrium shapes of Sm-A fila-
ments are obtained fromdF50, which leads to the follow-
ing two conditions:

2~u1l!k1kc~2kss1k322t2k!1bnW •¹W T50, ~8!

kc~24kst22kts!1bbW •¹W T50. ~9!

These shape equations represent the balance of normal f
per unit arc length of the filament. It is obvious that a straig
filament rW5q(t)uaW o is a solution of Eqs.~8! and ~9! if the
normal and binormal vectors satisfynW •¹W T50 and
bW •¹W T50. These conditions are satisfied when the tempe
ture is spatially uniform oraW o is parallel to¹W T (aW oi¹W T
means that the straight filament develops along2¹W T @13#,
which is consistent with physical processes of solidificat
@9#!.

It can be seen from Fig. 1 that after the length of t
filaments attains a certain critical length, the straight fi
ments begin to buckle. Such symmetry breaking is the m
important feature in pattern formation processes. To und
stand this, we try to solve Eqs.~8! and ~9! in the case of
plane curves, which are consistent with the 2D geometry
Sm-A filaments observed in experiments@2,5,7#. For a plane
curve on thex-y plane, the Frenet formulas Eq.~6! give
t50 and abW iz axis. Substitutingt50 into Eq.~9!, we ob-
tainzW•¹W T50, wherezW is the unit vector in thez direction. In
what follows, we consider the case whereT is spatially uni-
form for simplicity. Then Eq.~8! is rewritten as

2~u1l!k~s!1kc~2kss1k3!50. ~10!

Its first integration is ks
25C12hk22 1

4k
4, where

h52(u1l)/2kc , andC1 is the integration constant. For
plane curve having straight line portion,C1 is zero. The first
integration is thus reduced to

ks
252k2~ 1

4k
21h!. ~11!

We illustrate the behavior ofks
2 as a function ofk2 in Fig. 4,

where the solid curve represents physically acceptable re
because ofk2, ks

2>0. It is evident from the expressions fo
l andu thatl increases, whileu decreases with decreasin
temperature from theI –Sm-A transition temperature. Thes
temperature dependences ofl andu are governed mainly by
those ofk11 @1# and go @12#, respectively. Ifl,iui just
below theI –Sm-A transition temperature andl.iui well

FIG. 4. Phase diagram of Sm-A filaments displayed on a plot o
ks
2 vs k2. PointsS andC represent straight filaments and circul
filaments, respectively.
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below theI –Sm-A transition temperature, the sign ofh is
changed from positive to negative as the temperature is l
ered. On the basis of these assumptions, we see from
phase diagram that a Sm-A straight filament is located a
k25ks

250 ~the pointS in Fig. 4! on theh.0 branch in the
initial stage of a cooling process. As the temperature is f
ther decreased, the sign ofh is changed from positive to
negative, and hence the location of the filament moves fr
the pointS to a point on the solid curve of theh,0 branch
in Fig. 4, meaning that the straight filament begins to buck
From this behavior, the length of the filament ath50 is
regarded as the threshold length for the buckling of a stra
filament.

The global property of such a buckled filament can
examined from the integration of Eq.~11! for h,0, which is

k252
4h

cosh2~A2hs!
. ~12!

From this equation, we find thatk2 tends to 0 fors→6`,
indicating that both ends of a buckled filament are straig
This is consistent with the experimental observation in F
1~d!. Note that such a feature has often been found in lite
ture @3,14#, and has been reproduced by computer simulat
@2#.

According to the four-vertex theorem, that states tha
simple closed convex curve has at least four vertices@10#, we
show that a Sm-A filament can form a closed curve becau
it is obvious from Eq.~11! that the Sm-A filament has four
vertices forks50. Thus it is expected that some straig
filaments observed in the initial stage of the growth buck
and the ends of the filaments fuse to form closed curves
the phase diagram, this structure corresponds to the poiC
in Fig. 4. The present prediction is confirmed experimenta
as shown in Fig. 2~similar structures have been reporte
@3,4,8#!. The circular filament developed from a straight cy
inder may be seen in the initial stage of the formation p
cess of focal conic domain@7,8,15#.

In summary, we have studied the thermotemporal evo
tion of Sm-A filaments grown from theI phase. We have
first derived the free energy of the filaments. Then the e
lution and shape equations have been derived by a varia
of the free energy of the filament. We show from the evo
tion equation that the length of the filament increases ex
nentially under a cooling process. The shape equations
be analytically solved for plane curves. We also show fro
the analytical solution that a threshold length of the strai
filaments for buckling exists, and that the global propert
of the filaments characterized by open and closed curves
dict a filament with both ends being straight, and a circu
filament, respectively. The theoretical predictions are de
onstrated experimentally in the binary mixture of 8OCB w
DODA. Finally, we mention that a structural change at
molecular level such as thetrans to cis transition in alkyl
chains of 8OCB molecules is a possible physical origin
the buckling of the filaments, because the change m
modify k11 and henceh in Eq. ~11!. This problem is of
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fundamental importance for understanding of pattern form
tion in LC, and will be discussed in a future work.
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